The realization theory linear dynamical systems, previously developed over a field, are extended to a large class of commutative rings. The principal result is that the existence criterion for a finite realization extends without modification from a field to a Noetherian integral domain.
In the first note (1) of this series, a linear, constant, discretetime dynamical system ("external" description) was defined as a k-homomorphism f: km [z] -kP, k = arbitrary field. [Interpretation: Given any input w, a polynomial in km [z] , applied to the system before or at t = 0, the valuef(cw) £ kF off is the output of the system at t = 1.] Clearly f induces the khomomorphism A t: km-k k5: u 1f(z'-'u), so that f may be thought of as given via an infinite sequence of p X m matrices A = (A , A2, . . ). A (finite) realization of A (or of f) is a triple of matrices 2 -(F, G., H) over k ("internal"-description) such that A= HF''G, t = 1, 2, ....
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The problem of constructing z from A has become classical, and there is now a complete theory (see refs. 2 
and 3 for details).
The field k in the above formulation of the realization problem may be thought of as the underlying "number system" or "building blocks" with which some class of dynamical systems is to be constructed. This is quite analogous to the role of the "ground field" in algebraic geometry. None of the basic results in linear system theory (insofar as they are known at present) depends on the specific choice of the field k; therefore, it is natural to try to extend the basic mathematical machinery for linear systems, especially the theory of realization, to k = arbitrary commutative integral domain.
A systematic reexamination of realization theory then leads to our THEOREM. Let k = Noetherian integral domain with identity, let A be a given sequence of p X m matrices over k, and let K be the quotient field of k. Then A has a finite realization over k if and only if A has a finite realization over K.
Thus, the basic finiteness condition in realization theory is quite independent of the assumption that the "numbers" belong to a field (although the theory now becomes less elementary). This seems to call for the reexamination of one t Present address: Dept. of Mathematics, The Ohio State University, Columbus, Ohio 43210.
of the fundamental assumptions of mathematical physics: that the "numbers" describing "physical" quantities "should" belong to a field or even to the field of real or complex numbers. There is no mathematical rationale for such an assumption in realization theory which, after all, is concerned with formalizing the process of constructing models ("internal" description) from experimental data ("external" description).
The assumption "k = Noetherian" can be weakened considerably, as discussed in a forthcoming separate publication by Rouchaleau and Wyman (4); they also give an independent proof of the main theorem of this paper by an elegant use of valuation theory. (The present proof has the advantage of using only elementary algebraic concepts and also of being fairly constructive.)
The assumption "k = domain" can also be slightly weakened by a standard application of localization techniques of commutative algebra, as was outlined by Rouchaleau in his dissertation (5).
It should be emphasized that the result given here settles only the question of the existence of (finite) realizations. Since any realization over an arbitrary commutative ring k can be reduced to a canonical realization, just as in the case when k is a field (6) , it remains to effectively determine the properties of a canonical realization from the data provided by the sequence A. The main difficulty is that the state set X, viewed as a k-module, is not necessarily free unless k is a principal-ideal domain.
Example
The proof of the theorem requires three lemmas, which can be motivated by an example from algebraic geometry.
It is well known that a sequence A is realizable (over a field) iff A is recurrent (see definition in next section); Lemma [3] Note that the realization [2] The following combinatorial formula is proved by straightforward induction. For r = 1, it is just Cramer's rule deduced from the first n members of the equation family [4] . In the general case, the formula seems to be new.
Assume the scalar sequence A (over k = commutative ring with 1) is recurrent with recursion polynomial PA. Then the following identity holds for all r 1, 2, ... and all integers 1 _< il <i2 < ... < ir < n +r 1: The last remark shows also that the formula gives a triangular system of identities; for instance, when ii = 1, i2 = 2, ... . i, = r the only nonzero term entering into the summation corresponds to the identity permutation and so [Sr+1, ., Sn+rI = (_ j)n'Zjai. Although the closed-form inversion formula for this combinatorial identity seems to be as yet unknown, our observation certainly suffices to prove LEMMA 1. Each monomial Aa3j.. .aj, ( Remark. It is well known that the properties of scalar linear systems are almost always expressible in terms of polynomials in the coefficients of XF(Z) = det (zI -F). If the realization is canonical, XF = 'PA. Lemma 1 shows that actually the computation of F, or even {A, is not needed; for instance, the Hermite-Fujiwara stability conditions, usually stated as inequalities satisfied by polynomials of degree r in Zcla * --, Can] (see, e.g., ref. 7), can be expressed directly through rational functions in Z(ai, ..., a2n+rTl). In other words, stability can be determined directly from the "external" description-solution of the realization problem is not needed. This is related to Hilbert's finiteness theorem concerning the ring of invariants of GL(k), a topic to be examined in another paper of this series.
Integral dependence
Now-let k = commutative integral domain with 1. Let K be the quotient field of k. Then X E K is integral over k (with respect to K) iff there is a monic polynomial 6 C k[z] such that 6(X) = 0. (The stipulation "monic" is critical!) The set k of integral elements is a ring k in K, the integral closure of k. Alternately, X C k iff the ring k[X] is a finite(ly generated as a) k-module (see ref. 8 (1972) 
